HYPERSURFACE ARRANGEMENTS AND A GLOBAL 
BRIESKORN-ORLIK-SOLOMON THEOREM 



CLEMENT DUPONT 



Abstract. We give a model for the cohomology of the complement of a hypersurface arrangement inside 
a smooth projective complex variety. This generalizes the case of normal crossing divisors, which is due 
to P. Deligne as a by-product of the mixed Hodge theory of smooth complex varieties. Our model is a 
global version of the Orlik-Solomon algebra, which computes the cohomology of the complement of a union 
of hyperplanes in an affine space. The main tool is the complex of logarithmic forms along a hypersurface 
arrangement, and its weight filtration. Connections with wonderful compactifications and the configuration 
spaces of points on curves are also studied. 
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1. Introduction 

Let X be a complex manifold of dimension n. A hypersurface arrangement in X is a union 

L= U L,CX 

l<i<l 

of smooth hypersurfaces Li C X, that locally looks like a union of hyperplanes in C": around each point of 
X we can find a system of local coordinates in which each Li is defined by a linear equation. 
This generalizes the notion of a (simple) normal crossing divisor: a hypersurface arrangement is a normal 
crossing divisor if the local linear equations defining the L^'s are everywhere linearly independent; in other 
words, if we can always choose local coordinates (zi, • • • , 2„) such that L is locally defined by the equation 
Zi • • • z,. = for some r. 

We sum up our geometric setting in the following table. 



local situation global situation 



Ul<^<r{^^ = 0} C C" 


normal crossing divisor D C X 


Ui<,<( ^ C!", Li hyperplanes, e Li 


hypersurface arrangement L C X 



Figure 1 . The setting 
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Besides normal crossing divisors, examples of hypersurface arrangements include unions of hyperplanes in 
a projective space P"(C), or unions of diagonals A^j = {yi = yj} C Y" inside the n-fold cartesian product 
of a complex curve Y . 

If L is a hypersurface arrangement in X , we will always assume that the strata 

Li = f]L, 

for / C {1, • • • ,1} are connected. 

The aim of this paper is to give a model for the cohomology (more precisely, the weight-graded cohomol- 
ogy algebra over Q) of the complement X\L of a hypersurface arrangement, when X is a smooth projective 
variety over C. 

Let us recall that for B a smooth projective variety over C and A G B a, smooth hypersurface, the Gysin 
morphisms of the inclusion A ^ B are the morphisms H''~^{A){—1) — >■ H^{B) obtained as the Poincare 
duals of the natural mor phisms H'^"-''{B) -j- H'^"-''{A) where n = dimc(-B). 



Our main result is the following theorem (Theorem [ 

Theorem 1.1. Let X be a smooth projective variety over C and L a hypersurface arrangement in X . 

(1) For each q we construct a complex M*{X,L) in the category of pure Hodge structures of weight q 



over Q as an explicit quotient 

( \ 



m:\x,l) = 



H^-^iLj){n-q) 

I |/|^g-n I 
\/ indep. / 



/ 



■"OS 



the differential d : MJ^{X,L) — > M^+^(X, L) being induced by the (signed) Gysin morphisms 

H'^^-^Lj){n -q)^ H^^^-'i+\Li\{.,^){n + 1 - q) 

of the inclusions of the strata Lj ^ ^i\{i} ■ cup-product on the cohomology of the strata gives 

products 

(X, i) ® M^: {X, L) ^ Af;+;' (X, L) 

so that the direct sum 

M'{X,L) = ^M;iX,L) 

1 

is a dga in the (semi-simple) category of split mixed Hodge structures over Q. 
(2) The dga M*{X,L) is a model for the cohomology of X \ L in the following sense: we have isomor- 
phisms of pure Hodge structures over Q 

i7"(M;(X, i))-grf i7"(X\L) 

which are compatible with the algebra structures. These isomorphisms are functorial with respect to 
[X,L). 

We call the dga M'{X,L) the Gysin model of {X,L); its precise definition is given in tjl.H Theo- 
rem [TTl] generalizes the case of normal crossing divisors, which is due to P. Deligne ([5], see also [H], 8.35) 
as a by-product of the definition of the mixed Hodge structure on the cohomology of smooth varieties over C. 

We should say a word on the usefulness of our generalization from normal crossing divisors to hypersurface 
arrangements. Indeed, Deligne's approach relies on the fact that any smooth variety over C can be viewed 
as the complement of a normal crossing divisor inside a smooth projective variety, using Nagata's compact- 
ification theorem and Hironaka's resolution of singularities. Thus the case of normal crossing divisors is 
(abstractly) sufficient to give a model for the cohomology of any smooth variety over C. 



In the framework of Theorem 1 we may even produce, following [S], [5], [S], [13]) an explicit sequence of 
blow-ups (see Theorem I7.4p 

IT -.X ^ X 

sometimes called a "wonderful compactification", that transforms L into a normal crossing divisor L — Tr^^{L) 
inside X and induces an isomorphism 

n : X\L^ X\L 

Thus Deligne's special case of Theorem 11.11 applied to {X,L) gives a model M*(X,L) for the cohomology 
of X \ L. The functoriality of our construction gives a quasi-isomorphism 

M'{n) : M'{X,L) M'{X,L) 

that we may compute explicitly (see Theorem 17.61 and the example in ijl.4p . 

The model M*(X, L) has three advantages over M*{X, L). Firstly, it is in general smaller (see the example 
in til.4p . Secondly its definition only uses geometric and combinatorial information from the pair (X, L) (see 
m.ip without having to look at the blown- up situation (X,L). Thirdly, it is functorial with respect to the 
pair {X, L). 

The reader may want to skip directly to ijl.4l to look at an example of a computation using the model 
M*{X,L). In the next paragraphs, we first give some details on the construction of M'{X,L) and on the 
proof of Theorem 11.11 

1.1. The Brieskorn-Orlik-Solomon theorem and the Gysin model. In order to understand the co- 
homology of the complement of a hypersurface arrangement in a smooth projective variety, we should first 
take a look at the local situation. Let then 

l<i<l 

be a union of hyperplanes in C". Each Li is defined by a non-zero linear form fi. The cohomology of the 
complement C" \ L has been well- understood since the works of Brieskorn ([4J) and Orlik-Solomon ([15]), 
following the pioneering work of Arnol'd ([2J). Their result is that the cohomology algebra (say, with rational 
coefficients) i/'(C" \ L) is generated by 1 and the classes of the 1-forms 

2iiT fi 

and that we know explicitly the ideal of the relations. More precisely, we define the Orlik-Solomon algebra 
(over Q) as a quotient 

A,{L) = A'(Qei ® • • • ® Qei)/J.(i) 

where Jt{L) is the homogeneous ideal generated by the Orlik-Solomon relations: 

fc 

^{-ly-^e^^ A • • • A A • • • A = 

s=l 

for all subsets {ii < • • • < i^} C {1, • • • , /} such that the corresponding hyperplanes L^^, ■ • ■ , Li^ are linearly 
dependent. Then the Brieskorn-Orlik-Solomon theorem says that there is an isomorphism of algebras (see 
Theorem 12.51 for a more precise statement) 

^.(L) 4H*(C"\L) 

1 df ' 

which sends to the class of the form . 

2171 fi 

The aim of this paper is to fill the bottom right corner of the following table, which is parallel to the table 
of Figure [TJ 

The point is that on the local side (left column of the above table), the Brieskorn-Orlik-Solomon theorem 
expresses the second line as an explicit quotient of the first line, adding a relation for each dependence rela- 
tion betwen the hyperplanes. The naive guess (which proves to be the right answer) in the global case is then 
to quotient the Gysin model from the case of normal crossing divisors by an analogue of the Orlik-Solomon 
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cohomology of the complement (local situation) cohomology of the complement (global situation) 



H'{{C*Y X C"-"^) ^ A*(Qei © • • • © Qcr) 


the Gysin model M'{X,D) (Deligne) 


Brieskorn-Orlik-Solomon theorem: iJ'(C" \ i) = A*{L) 


the Gysin model M'{X,L) (Theorem [LU) 



Figure 2. Cohomology of the complement 

relations. Theorem 11.11 may then be viewed as a global version of the Brieskorn-Orlik-Solonion theorem. 

Let us consider a subset / = {ii < • • • < ik} C {1, • • • , /} such that the stratum Lj is not empty. We say 
that / is independent if the codimension of L/ is |/| = k. In the opposite case, / is said to be dependent, 
and for all s = 1, • • • , fc such that / \ {is} is independent, we have for dimension reasons Lj^^i^y = Lj. Thus 
we get a map 

(1) H'iLj)^ i/-(L/u.j) 

l<s<fc 
I\{is } indcp. 

where we put (—1)"^^ times the identity on the component indexed by s. 



We can now state the definition of the Gysin model from Theorem 11.11 We define 



M^{X,L) 



H'-''{Lj){n-q) 



J\^q-n 
\I indep. 



/ 



where we quotient by the images of the maps ([T]) for all dependent subsets (~os stands for Orlik-Solomon). 
It has to be noted that in the case of a normal crossing divisor, there is no dependence, hence no quotient. 

The differential d : M^{X, L) ^ M^+^{X, L) is induced by the Gysin morphisms 

i?2"-'(i,)(n -q)^ i/2"-9+2(L,\^,j)(n -q + 1) 
of the inclusions Li ^ for / independent of cardinality q — n. multiplied by some sign (see ^6.4|) . 

The product M^"(X, L) ® MJ^,' {X, L) (X, L) is induced by 

i?2""''(L/) ® ij2"'"«'(i/0 ^ ij2"-9(Lju/') «'^f^"'~'''(i/U7') ^ ff^("+"'^"('?+«''(i/U7') 

for /n/' = 0, /U/' independent, multiplied by some sign (see ti6.4l) . The above morphism is the composition 
of the restriction morphisms for the inclusion of Ljuj> inside Lj and Lji, followed by the cup-product on 

1.2. Logarithmic forms and mixed Hodge theory. Our approach to prove Theorem I 1 . 1 1 follows Deligne's 
proof of the case of normal crossing divisors, hence makes extensive use of logarithmic forms and the for- 
malism of mixed Hodge structures. 

Let X be a smooth projective variety and L = Ui<i<i ^« ^ hypersurface arrangement in X. The first task is 
to define a complex of sheaves on X, denoted by of meromorphic forms on X with logarithmic poles 

along L. In local coordinates where each Li is defined by a linear equation {fi = 0}, a section of il'^ is a 
meromorphic differential form on X which is a linear combination over C of forms of the type 



(2) 



hi 



A 



with 1] a holomorphic form and \ < ii < ■ ■ ■ < is < I. It has to be noted that the complex fi'^^ ^ is in general 
a strict subcomplex of the complex Q.'-^(\ogL) introduced by Saito ([TS]), even though the two complexes 
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coincide in the case of a normal crossing divisor. 

The point of the complex il'^ is that it computes the cohomology of the complement X \ L. More 
precisely, if we denote hy j : X \ L ^ X the open immersion of the complement of L inside X, we prove the 
following theorem (Theorem 15 .7^ : 

Theorem 1.2. The inclusion l) ^ quasi-isomorphism, and hence induces isomorphisms 

(3) ]irin'^x,L))^H-ix\L)®tiC. 

It has to be noted fRemark l4.16l) that according to this theorem, a conjecture of H. Terao (|19]) is equiv- 
alent to the fact that the inclusion il*^ C 51^ (log i) is a quasi-isomorphism. 

The proof of Theorem 11.21 is local and relies on the Brieskorn-Orlik-Solomon theorem. Another central 
technical tool is the weight filtration W on il'^: l)' define Wk^'x l) ^'x l) subcomplex 
spanned by the forms ^ with s < k. In view of the isomorphism we get a filtration on the cohomology 
of X \ L which is proved to be defined over Q. Together with the Hodge filtration FPfl'x l) ~ ^fx l)' 
defines a mixed Hodge structure on H'{X \ L). The functoriality of our construction then implies that this 
is the same as the mixed Hodge structure defined by Deligne. 

According to the general theory of mixed Hodge structures, the hypercohomology spectral sequence associ- 
ated to the weight filtration degenerates at the _E2-term, hence the i?i-term gives a model for the cohomology 
oi X\L. We then prove that this model is the Gysin model M*{X, L) described in the previous paragraph. 

1.3. Configuration spaces of points on curves. Let y be a complex curve and n an integer. For all 
^ i < j ^ n we have a diagonal 

inside the n-fold cartesian product of Y. Any union of A^.j's then defines a hypersurface arrangement in 
y". For example, if we consider the union of all diagonals, the complement is the configuration space of n 
ordered points in Y: 

n) = {(yi, • • • , 2/„) e y" I 2/, 7^ % for i ^ .?}. 

Theorem 11.11 hence gives a Gysin model for the cohomology of C{Y, n). This model is isomorphic to the one 
independently found by I. Kriz ([lOj) and B. Totaro ([20J), as we prove in Theorem 18.41 It should be noted 
that our method is close to Totaro's method, since the Gysin spectral sequence that we are considering in 
^6.31 is indeed the Leray spectral sequence of the inclusion j : X\L X. 

As a natural generalization, we may consider the union of only certain diagonals A^j. Such a generalization 
has been recently considered by S. Bloch (iSJ), who gives a model in the spirit of Kriz and Totaro's model. 
We prove that this model is also isomorphic to our Gysin model. 

1.4. A basic example. Let A" be a smooth projective surface (dime (AT) = 2) and L = Li U L2 U L3 a 
hypersurface arrangement in X such that L12 — L13 = L23 = P & point (one can think of 3 lines in P^(C) 
that meet at a point). 

Let us consider the blow-up n : X ^ X along P. We get a normal crossing divisor L = E U Li U L2 D L3 
in X, where E — '!r~~^{P) is the exceptional divisor and Li is the strict transform of Li, and tt induces an 
isomorphism n:X\L^X\L. 

We explicitly describe, for g = 2 and g = 4, the complexes M'{X,L) and M'{X,L), and the quasi- 
isomorphism M'{-k) : M'{X, L) ^ M'{X, L), described in general by the formulas in Theorem 17.61 For the 
sake of simplicity, we do not write the Tate twists. 
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(1) q = 2. The quasi-isomorphism M'iir) : M'iXjL) ^> AI'iX^L) is described by the following 
diagram: 

*-0 



M:^{X, L) : ^ H"{Li) (S H"{L2) ® H^iLs) ^ H^{X) 

M^{tt) M°{Tr) M^{7r) 

M'{X,L) : ^H°{E)(BH"{Li)®H"{L2)®H"(L3) ^ H^{X) 







Here the Gysin models are concentrated in degrees and 1. The differentials are given by the 
obvious Gysin morphisms. In degree 1, M2 (tt) is just the pull-back tt* : H'^{X) H'^{X). In degree 
0, M^{it) is defined by 

1^(1,1). 

The fact that Af* (tt) is a morphism of complexes is equivalent to the following equality in H^{X): 

7:*{[L,]) = [E] + [L,]. 

It is easy to check by hand that A/' (tt) is a quasi-isomorphism. Roughly speaking, the cohomology 
classes that are added in the blown-up situation "do not contribute" to the cohomology of the complex. 

(2) q = 4. The quasi-isomorphism M'{tt) : M'{X,L) ^> M'{X,L) is described by the following 
diagram: 



^ {H°{Li2) © i?°(ii3) ® H\L2z))l -OS 



H^{Li)(BH\L2)®H^{L3) 



H\X) ^ 



^ H"{E n Li) ® H°{E n L2) ® H'^iE D L3) ^ H^{E) ® H^{Li) H'^{L2) © H^iLa) ^ H^{X) ^ 

We see the quotient / ~os appearing in M2{X, L). By definition, it kills the elements (x, — x, x) £ 
H°{Li2) ffi H°{Li3) © H°{L23), hence M2{X,L) has dimension 2. The differentials are still given 
by the Gysin morphisms (with the usual signs that ensure that the differentials square to zero). In 
degrees 1 and 2, M^{tt) is given by the pull-backs tt* : H^{U) H^(l,) and tt* : H-^{X) ^ H^{X). 
In degree 0, M2{tt) is defined by 

H"{L,j) H"{E n L,) ffi H°{E n Lj) , 1 ^ (-1, 1). 

It is easy to check by hand that this passes to the quotient by — os and defines a quasi-isomorphism. 
In fact, in this particular case, the complexes M*{X, L) and M'{X, L) are acyclic. 

1.5. Open questions. 

(1) It is tempting to ask for a generalization of the Gysin model to the cohomology oi X \ L where 
L C X locally looks like a union of sub- vector spaces of any codimension inside C". For example, as 
configuration spaces of points are concerned, it is striking that Kriz and Totaro's model (as well as 
Bloch's generalization) applies without any restriction on the dimension of Y . li Y has dimension 
> f, then Theorem I f . 1 1 does not apply since the diagonals are no longer hypersurfaces. 

(2) In pOj, B. Totaro suggests a particular case of the previous question, focusing on vector spaces Vi 
of a fixed codimension c such that all intersections Vi-^ Cl ■ ■ ■ C] V]^ have codimension a multiple of c 
(this paper handles the case c — 1). 

1.6. Outline of the paper. In §§2—4, we focus on the local case and study central hyperplane arrangements 
in C". We first recall (§2) some classical facts about the Orlik-Solomon algebra and the Brieskorn-Orlik- 
Solomon theorem, and define (§3) an abstract version of the Orlik-Solomon algebra which proves useful in 
the sequel. We then introduce (§4) the complex of logarithmic forms along a central hyperplane arrangement 
and its weight filtration, and prove the local form (Theorem 14. f3p of the comparison theorem 11.21 

In §5, we globalize our constructions, define the complexes of sheaves l) ^^'^ prove the comparison 
theorem O (Theorem . 

In §6, we use the formalism of mixed Hodge modules to give an alternative definition of the mixed Hodge 
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structure on the cohomology of X \L. This allows us to prove Theorem ll.il fTheorem l6.9p . 

In §7, we study the functoriality of our construction with respect to blow-ups. This gives (Theorem 17. 6p 

the explicit quasi-isomorphisms M'{tt) : M'{X,L) M*{X,L) associated to wonderful compactifications 

7r:{X,L)^{X,L). 

In §8, we apply our results to configuration spaces of points on curves and prove (Theorem 18. 4p the isomor- 
phism between the Gysin model and the model proposed by Kriz and Totaro and generalized by Bloch. 

1.7. Conventions and notations. 

(1) (Cohomology and coefficients) If y is a complex manifold, we will simply write H'p{Y) for the p-th 
singular cohomology group of Y with rational coefficients. We will simply write H^iY) ®(^ C for the 
p-th singular cohomology group of Y with complex coefficients. This group is naturally isomorphic, 
via the de Rham isomorphism, to the p-th de Rham cohomology group of Y tensored with C, hence 
we allow ourselves to use smooth differential forms as representatives for cohomology classes. 

All (mixed) Hodge structures are implicitly defined over Q. 

(2) (Holomorphic forms) If 1" is a complex manifold, we write ily for the sheaf of holomorphic p- forms 
on Y and QP{Y) ;= r(Y, Vty) for the vector space of global holomorphic p-forms on Y . 

(3) (Filtrations and spectral sequences) Our convention for spectral sequences uses decreasing filtrations. 
One passes from an increasing filtration {Wp}p^z to a decreasing filtration {W^}p,=z by putting 
WP = W-p. 

(4) (Signs) If I and J are disjoint subsets of a linearly ordered set {1, • • • , n}, we define a sign sgn(/, J) G 
{±1} as follows. In the exterior algebra on n independent generators xi,--- ,a;„, we write xi = 
Xi^ A ■ ■ ■ A Xi^ for a set / = {«i < • • • < u-} C {1, • • • , n}. Then sgn(/, J) is defined by the equation 
xiuj — sgn(/, J)xi A xj. For example we get sgn({v}, / \ {v}) = (—1)''^^. 

1.8. Acknowledgements. The author thanks Francis Brown for many corrections and comments on this 
text, and Spencer Bloch for helpful discussions and for giving him a preliminary version of [3J. This work 
was partially supported by ERG grant 257638 "Periods in algebraic geometry and physics". 

2. The local case: central hyperplane arrangements 

We recall some classical facts about central hyperplane arrangements: the Orlik-Solomon algebra, the 
nbc basis, the deletion-restriction exact sequence and the Brieskorn-Orlik-Solomon theorem. The interested 
reader will find more details in the expository book [16], or references such as [12] or |22| . 

2.1. The Orlik-Solomon algebra. A central hyperplane arrangement in C" is a set L = {Li, • • • , Li} 
of hyperplanes of C", all containing the origin. As the notation suggests, we implicitly fix a linear ordering on 
the hyperplanes, even though many objects that we will define out of a central hyperplane arrangement will 
be independent of such an ordering. We will use the same letter L to denote the union of the hyperplanes: 

l<i<l 

For a subset / C {1, • • ■ , /}, the stratum of the arrangement L indexed by / is the vector space 

Li = f]L, 

with the convention L0 = C". 

We set A,(L) = A'(Qei © • • • ® Qei), the exterior algebra over Q with a generator in degree 1 for each 
Li. Let S : A,(L) A,_i(_L) be the unique derivation of A,(L) such that S{ei) = 1 for i = 1, • • • ,1. 
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For / = {?'i < • ■ • < ik} C {1, ■ • ■ J.} we set ej = A ■ ■ ■ A Ci^. G Ak{L) with the convention 60 = 1. The 
derivation 6 is then given by the formula 

k 

^i^i) = A ■ • ■ A g;; A ■ • ■ A = ^ sgn({i}, I \ {i})ei\{i}. 

s=i iei 

A subset / C {!,■■■ ,1} is said to be independent (resp. dependent) if codim(L/) = |/| (resp. 
codim(L/) < |/|), which is equivalent to saying that the linear forms defining the Li's, for i G I, are 
linearly independent (resp. dependent). 

Let Jt{L) be the homogeneous ideal of A,(L) generated by the elements 5{ei) for / C {1, • • • , 1} dependent. 
The quotient 

A,{L)=A,(L)/J,{L) 

is a graded algebra over Q called the Orlik-Solomon algebra of the arrangement L. Obviously, it does 
not depend on the linear order on the hyperplanes. 

We will need a presentation of the Orlik-Solomon algebra as a Q-vector space: 

Lemma 2.1. As a Q-vector space, Ak{L) is spanned by the monomials e/ for I independent with \I\ = k. 
The only linear relations between these elements are given, for I' dependent, \I'\ = k + 1, by 

sgn({i},/'\{i})e,,\{,}=0. 

iei' 

indep. 

Proof. For / dependent and any i € I, ej = ±6^ A Sej £ J{L) and the first assertion follows. For the second 
assertion, it suffices to prove that the ideal J{L) is spanned as a Q-vector space by the elements e/ and dej 
for / dependent. Now J{L) is spanned by elements bt A 6ei for / dependent and T any subset of {!,••■ ,1}. 
Using the Leibniz rule we see that 

±eT A 6ei = 5{eT A e/) - ^ =t^n{«} ^ 

teT 

Since / is dependent, ct A ej (resp. eT\{t} A e/) is either or an e// for /' dependent. This completes the 
proof of the lemma. □ 

If /' C {1, ■ • ■ , /} is dependent and I'\{i} is independent, then for dimension reasons we have Lji\^ij = Lji . 
Thus all the sets appearing in the relation in the above lemma define the same stratum. In other words, if 
we define, for a stratum S, Ay,{L) to be the sub- vector space of A,{L) spanned by the monomials e/ for I 
such that Z// = E, we have a direct sum decomposition 

Ak{L) = A^{L). 

codim(S)=/c 

This simple remark will be crucial. 

2.2. The nbc basis. Let L = {Li, • • • be a central hyperplane arrangement in C". A circuit is a 
minimally dependent subset (7 C {1, ■ • ■ , Z}, which means that C is dependent and for all c e C, C \ {c} is 
independent. A broken circuit is a subset B C {1, ■ • • , /} such that there is a fc G {1, • • • , Z} with {fc} U B 
a circuit and k < mm{B). A broken circuit is independent. Any broken circuit is obtained by deleting the 
minimal element of a circuit. 

A subset I C {1, ■ • ■ , is called an nbc-set (for "no broken circuit") if / does not contain a broken circuit. 
The corresponding monomial e/ is called an nbc-monomial. These concepts obviously depend on the cho- 
sen linear order on the hyperplanes. 

Let A]^{L) be the sub- vector space of Afe(L) spanned by the nbc-monomials e/ for |/| = k. For any stratum 
S of codimension fc, let Ay,{L) be the sub- vector space of Afe(L) spanned by the nbc-monomials e/ such that 
Lj = S. We obviously have a direct sum decomposition 

ML) = A^{L). 

codim(S)=A; 
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Lemma 2.2. For any stratum S of L, the natural morphism Ay:{L) Ay:{L) is an isomorphism of Q-vector 
spaces, hence the natural morphism A, (L) — >■ At(L) is an isomorphism of graded Q-vector spaces. In other 
words, the images of the nbc-monomials form a linear basis of the Orlik-Solomon algebra At{L), called the 
nbc basis. 

The proof may be found in [11], Theorem 3.43, or [12], Lemma 4.2. 

2.3. Deletion and restriction. Let L — {Li,--- ,Li} be a central hyperplane arrangement hi C" such 
that ^ > 1. In this article we will only be concerned about deletion and restriction with respect to the 
last hyperplane i/. The deletion of L (with respect to Li) is the arrangement L' ~ {Li,--- in 
C". The restriction of L (with respect to L/) is the arrangement L" on Li = C"~^ consisting of all the 
intersections of Li with the L^'s, z = 1, • • • , Z — 1. If the hyperplanes Li are not in general position, it may 
happen that the cardinality I" of L" is less than ^ — 1. The only tricky part is the linear ordering of the 
hyperplanes of L" . We say that the linear ordering of L" is consistent if there is an increasing surjective 
map A : {1, ■ • • , Z — 1} — > {1, • • • , /"} such that L'^i^,-.^ = LiD Li. Starting from an arbitrary linear ordering of 
the hyperplanes in L, such a A does not always exist, but we can reorder the L^'s so that it does exist. We 
will always assume that we are in this situation when discussing the restriction of an arrangement, and fix 
such a A. 

The nbc-sets are well-adapted to deletion and restriction, as is shown in the next lemma, whose proof is 
left to the reader. 

Lemma 2.3. Let I be a subset of {!, - ■ ■ , I}. 

(1) If I d {1, • • • , / — 1}, / is an nbc-set for L if and only if it an nbc-set for L' . 

(2) Suppose I G /. Then I is an nbc-set for L if and only if X{I \ {I}) is an nbc-set for L" . Furthermore, 
for I and J distinct nbc-sets for L containing I, the nbc-sets A(/ \ {I}) and A( J \ {I}) are distinct. 
Thus 1 1-^ A(/ \ {/}) gives a bijection between the nbc-sets for L containg I and the nbc-sets for L" . 

As a corollary, we have a short exact sequence of Q-vector spaces 

^ ML') A ML) 4 MiiL") ^ 

where i is the natural inclusion and j is defined by j(e/) = if / does not contain I, and j{ei) — eA(/\{i}) if 
/ contains I. 

In view of Lemma 12.21 we have a commutative diagram 

Ife(i') ML) Mi{L") 



0- 



Ak{L') 



AkiL) 



■Ak^L") 







Thus the bottom row of this diagram is a short exact sequence which is called the deletion-restriction short 
exact sequence. It can be defined without any reference to the nbc-basis, with the same formulas for i and 
j. Notably, it has to be noted that it does not depend on the choices of linear orderings. 

2.4. The Brieskorn-Orlik-Solomon theorem. Let L = {Li,--- ,Li} be a central hyperplane arrange- 
ment in C". For i — 1, ■ ■ ■ ,1 we G.x a linear form fi on C" that defines L,;: Li = {fi — 0}. Such a form is 
unique up to a non-zero multiplicative constant. 



We set 



LOi 



viewed as a holomorphic 1-form on C" \ L. For a subset / = {ii < • • • < ik} C {1, • • • , we set 



w/ = A • • ■ A LOi^ . 
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Let r2'(C" \ L) be the algebra of global holomorphic forms on C" \ i and R*{L) C n*{C" \ L) be the 
subalgebra over Q generated by 1 and the forms ^TjWi for i = 1, • • • , / . We define a morphism of graded 
algebras u : h.,{L) R'{L) by the formula 

A simple computation shows: 
Lemma 2.4. For I C {1, • • • , /} a dependent subset, we have the relation in f2*(C" \ L): 

^ sgn({i}, / \ {i})a;7\{,} = 0. 
iei 

Thus u passes to the quotient and defines a map of graded algebras 

u : A,{L) R'{L) 

Each form -^ijJi is closed and its class is in the cohomology of C" \ i with rational (and even integer) 
coefficients. Indeed, let /* : H^{<C*) H^{C'^ \ L) be the pullback map induced by fi in cohomology. Then 
the class of ^^^^i is the pullback of the class of ^ which is known to be in the rational (and even integer) 
cohomology of C*, dual to the class of the loop 1 1— > e^"* around 0. 

All the differential forms in R* [L) being closed, there is a well-defined map of graded algebras 

V : R'{L) ^ H'{C'\L). 

Theorem 2.5 (Brieskorn-Orlik-Solomon theorem) . The maps u and v are isomorphisms of graded algebras: 

A.{L) ^ R'{L) A H'{C" \ L). 

Remark 2.6. The fact that v is an isomorphism was conjectured by Arnol'd ([5]) and proven by Brieskorn 
([!])• The fact that u is an isomorphism was proven by Orlik and Solomon ([15]). A proof may be found in 
p] . Theorems 3.126 and 5.89. 

3. An abstract version of the Orlik-Solomon algebra 

We fix an abelian Q-linear category £. In the following sections, £ will be the category of K- vector spaces, 
or sheaves of K- vector spaces on a complex manifold, where K is Q or C, or the category of complexes in 
such a category. 

3.1. The definition. Let L = {Li, • • • ,Li} be a central hyperplane arrangement in C". Suppose that we 
are given, for any stratum E of the arrangement, an object 5s of £. For any / C {1, • • • , /} we then define 
Si = Sli- 

Let /' C {1, • • • , Z} be a dependent subset, then for all i G I' such that /' \ {i} is independent we have 
~ ^i' ^'-'^ dimension reasons, hence Sii\{i^ = Sj'. Thus we have a natural map 

Pi' : 5/' -> Sr\{i} 
iei' 

I indcp. 

where we put the morphism sgn({z},/' \ {i}) times the identity on the factor indexed by i. Let 

p: ^/'^ Sj 

I' dep. / indep. 

be the collection of all the pj/'s for /' dependent. Then we define 

S{L) = coker(p) 

We will use the following abusive but more explicit notation: 

S{L) = 




which means, when £ is a category of vector spaces, that we quotient by the vector space spanned by the 
images of the maps pi' for /' dependent. The notation ~os stands for Orhk-Solomon. 



If £ is the category of Q-vector spaces and Si — Qei is one-dimensional for all /, then S{L) is the (vec- 
tor space underlying the) Orlik-Solomon algebra A,{L), in view of Lemma [2.11 Hence S{L) is an abstract 
analogue of the Orlik-Solomon algebra (however, there is no algebra structure in general). 

As is the case for the Orlik-Solomon algebra, the objects S{L) have a finer structure. First, if we restrict 
the definition of p to subsets I' of cardinality k + 1 and subsets / of cardinality k, we get a cokernel Sk{L) 
which is the analogue of Ak{L), that we denote by 

/ \ 

\I indcp. / 



Sk{L) 

and we have a direct sum decomposition 



5(L) = 05.(L). 

k 

Let now S be a stratum of L. If we restrict the definition of p to the subsets /' and / such that Lj' = i/ = E, 
the cokernel is an object that we denote by Ss{L), which is the analogue of A^{L). We have a direct sum 
decomposition 

codim(E)— A; 

hence 

5(L) = 05s(i) 

s 

3.2. The nbc object. In view of the nbc basis of the Orlik-Solomon algebra, we introduce the object 

§{L) = Sj. 

I nbc 

We also have a direct sum decomposition 

5(L) = 05s(i) 

s 

where S^{L) is the direct sum of the S'/'s for / an nbc-set such that Lj = S. 

We prove the abstract analogue of Lemma 12.21 

Proposition 3.1. For any stratum E of L, the natural morphism S-s{L) S-s{L) is an isomorphism, hence 
the natural morphism S{L) S{L) is an isomorphism. 

Proof. In the framework of Orlik-Solomon algebras, let us denote by p : A^{L) — s> A^{L) the natural 
morphism and q : As{L) As{L) the inverse morphism provided by Lemma I^T^ In the abstract framework, 
let us denote by P : S-s{L) — > S-s{L) the natural morphism. We want to construct its inverse Q. 
For an independent subset / such that L/ = E, write 

J 

where the sum is over the nbc-sets J such that Lj — E. The fact that q passes to the quotient imposes some 
relations among the a/^j's. More precisely, for any dependent /' and any nbc-set J such that Lji = Lj = H 
we have 

sgn({z},/'\{i})a,,\{,}^,, = 

iei' 

I indep. 
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Now we note that for the sets I such that Lj ~ E, the objects Si are the same object 5*5;. Hence we may 
define Q : Sy,{L) Sy,{L) "by the same formula'' as q, that is with components 

Si = Ss — — > Ss = S,i 

for / independent, and J an nbc-set, such that L/ = Lj = S. The relations above imply that Q passes to 
the quotient by ^os- 

The fact that q o p is the identity of A-£(L) implies that for / and J nbc-sets such that Li = Lj = S, we 
have ai j = This in turn implies that Q o P is the identity of S^{L). We prove in the same fashion 

that P o Q is the identity of Sy,{L). □ 

The above proposition implies that the definition of S{L) as a quotient is misleading, since S{L) is (in 
a somewhat non-canonical way) just a direct sum of some S'/'s. Thus, our construction behaves well with 
respect to additive functors: 

Lemma 3.2. Let S be another Q-linear abelian category and F : £ 23 be an Q-linear additive functor. 
Then we have a natural isomorphism 

^( I ^/J/-os) - I F(^/)J/-os 

\ \l indcp. / / \ / indep. / 

Proof. This comes from the diagram: 

F ((0/ indcp. Si) I ^OS) indcp. ^^(^/)) / ^OS 



J^(e/nbc^/) 



e/nbc^(^/) 



where the vertical arrows are the isomorphisms given by Lemma l3.1 



□ 



3.3. Deletion and restriction. Let L — {Li, • • • be a central hyperplane arrangement in C", V and 
L" the deletion and restriction of L with respect to the last hyperplane Li . Because of Lemma 12.31 we have 
a short exact sequence 

^ Sk{L') A Sk{L) A Sk-i{L") ^ 

where i is the natural inclusion and j is on Si if / does not contain I and the identification between Si 
and >S'a(/\{/}) if I contains I. 

In view of Lemma 13.11 we have a commutative diagram 



0- 



0- 



■SkiL) 



■5fc(L') 



■SkiL) 



■Sk-iiL") 



■Sk-i{L") 











Thus the bottom row of this diagram is a short exact sequence, which is the analogue of the deletion- 
restriction short exact sequence of ^2.31 It does not depend on the choices of linear orderings. 



4. Logarithmic forms and the weight filtration 

We define and study the forms with logarithmic poles along a central hyperplane arrangement. As we 
will soon point out, our definition of the logarithmic complex is not standard. We define a weight filtration 
on the logarithmic complex. The main results are Theorem 14.101 which computes its graded pieces, and 
Theorem 14.131 which states that the logarithmic complex computes the cohomology of the complement of 
the hyperplane arrangement. 
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4.1. The logarithmic complex. Let L = {Li, ■ ■ ■ ,L;} be a central hyperplane arrangement in C". We 
recall that we defined some differential forms oji — ^ for i ~ I,-- - and uij — uji^ A ■■■ A oJi^ for 
/ = {ii < • • • < ifc}, which is zero if / is dependent. 

Definition 4.1. A meromorphic form on C" is said to have logarithmic poles along L if it is a linear 
combination over C of forms of the type r/ A lji for some / C {I,-- - ,/}, where 77 is a holomorphic form on 
C". 

We define VI'p{L) to be the C- vector space of meromorphic p- forms on C" with logarithmic poles along L. 
These forms are stable under the exterior differential and hence we get a complex il*(L) that embeds into 
the complex of holomorphic forms on C" \ L: 

n'{L) ^ f7'(C"\L) 

and which we call the complex of logarithmic forms of L. 

Remark 4.2. This definition is not standard in the theory of hyperplane arrangements. In [16], following 
Saito (II8J), one defines a complex ft* {log L) in the following way. Let 

be a defining polynomial for the arrangement. Then QP{\ogL) is the set of meromorphic p- forms lu on C" 
such that Quj and Qduj are holomorphic. 
We have an inclusion 

n'{L) C f^'(logL) 

which is an equality if and only if L = {Li, ■ ■ ■ , L;} is independent. 

Example 4.3. In with coordinates x and y, let Li ~ {x = 0}, L2 = {y = 0}, = {x = y}. Then 
Q — xy{x — y) and the closed form 

dx A dy 
xy{x - y) 

is in il^(logL). It is an easy exercise to check that lj is not in Vl^{L). 

4.2. Residues. We briefly recall the notion of residue of a form with logarithmic poles along a central hy- 
perplane arrangement. In the case of dimension n = 1, this is the usual Cauchy residue in complex analysis; 
the general notion of residue is due to Poincare and Leray (|TT)). 

The proof of the following easy lemma is left to the reader. 

Lemma 4.4. Let L = {Li, • • • , Li} be a central hyperplane arrangement in C" and L' = {Li, ■ ■ ■ , the 
deletion of L with respect to Li = {// = 0}. Let lo he a meromorphic p-form on C" with poles along L' . If 
dfi A u) — then there exists a meromorphic (p — l)-form 6 with poles along L' such that uj ~ dfi A 6. 

Proposition 4.5. Let L = {Li, ■ ■ ■ , Li} be a central hyperplane arrangement in C" and L' (resp. L" ) the 
deletion (resp. the restriction) of L with respect to Li = {// = 0}. Let lo be a p-form on C" with logarithmic 
poles along L. Then there exists a [p— \)-form a and a p-form /3, both of which have logarithmic poles along 
L' , such that 

id — a A LOi -\- (3 

The restriction q;|l, is independent of the choices. It is a (p— l)-form on Li with logarithmic poles along L" . 
Proof. Let us write 

UJ = rji A LOi 
I 

where the 77/ 's are holomorphic forms on C". Then we can define 

a= ^ 7?/'u{/} A ujp and ^ = ^ ?// A cj/ 
/'c{i,---:'-i} HI 

13 



which are logarithmic forms with poles along L' . We then have 

= XI Vryj{i}\Li^^\(i') 
/'c{i,---,i-i} 

which is a logarithmic form on Li with poles along L" . For the uniqueness statement it is enough to prove 
that if 

a A a;; + ^ = 

then a\L^ ~ 0. 

Since dfi A /3 = 0, by Lemma 14.41 there is a meromorphic {p — l)-form /?' with poles along L' such that 
P = dfiA P'. Now 

= fi{aMoi+ dfi A /?') - dfi A {hir-'a + fif3') 
so again by Lemma there exists a meromorphic (p — 2)-form f3" with poles along L' such that 

(-l)f-ia + /,/3' = d/iA/3". 

Hence we have 

a ^ {-If'^dfi A 13" ~ fi(3') 
which is zero when restricted to Li = {/; = 0}. □ 

With the notations of the above proposition, we set 

ResL,(t^) = 2i7ra|i,. 

It is a meromorphic {p — l)-form on Li with logarithmic poles along L" , called the residue of uj along Li. 

Remark 4.6. When taking iterated residues, one should note that they "do not commute" in general, even 
when this has a clear meaning. For example, if Li = {a: = 0}, L2 = {j/ = 0}, -L3 = {x = y} in 
dx dy 

and UJ = — A — 6 il'^lL), we have ReSi^nisR-eSi, (w) = (2z7r)^ and ResL^nLoR-^SLgfcj) = because 
X y 

ReSi3(aj) = 0. 

It is easy to see that the residue gives a morphism of complexes 

Resi, : n'{L) n'-^{L") 

where L" is the restriction of L with respect to Lj. For r/ a holomorphic form on C", we have Res^, (rjAuJi) — 
if / C {1, 1} and Res^, (?? A w/) 2i7r rj^L^ A ujx(i\{i}) ii I £ I. 

We then have a sequence of morphisms of complexes 

(7^) : n'{L') A n'{L) n—\L") ^ o 

where i is the natural inclusion. It is obvious from the definitions that Res^, o i — 0. that i is injective and 
ReSi, is surjective. We will prove in the next paragraph that ker(ResL,) C Im(i), so that the above sequence 
is a short exact sequence. 

4.3. The weight filtration. The following terminology is borrowed from P. Deligne ([6], 3.1.5). 

Definition 4.7. For fc > 0, we define Wk^*{L) C il'{L) to be the subcomplex spanned by the forms that 
are of the type 77 A oj/ with |/| < fc, where 77 is a holomorphic form on C". These subcomplexes define an 
ascending filtration 

Won'{L) C Wiil'iL) C ••• 

on n*{L) called the weight filtration. 

We have Wofl'iL) = 1]'(C") and WpnP{L) = VtP{L). 

By definition, the residue morphisms induce morphisms Res^, : Wk^*{L) — > Wfe_iJ7*~^ (L") which are 
easily seen to be surjective. Thus the sequence {TZ) induces sequences 

(4) [WkTl) : Wk^'{L') A Wk^' {L) Wk-i^L*-^ {L") 
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and 

(5) (grfTe) : ~> grff^^L') A grff^^i) "^^^ grY^.n'-' {L") ^ 

We will prove that they are short exact sequences. For now, the only easy facts are that (WkTZ) is exact on 
the left and on the right, and that (gr'^TZ) is exact on the right. 



The following lemma is easily proven by choosing appropriate coordinates on C": 

Lemma 4.8. Let I C {1, • • • ,/}, |/| = k, be an independent subset and rj a holomorphic form on C". // 
VlLi = then rj Aojj G Wk~i^' (L) . 

The following definition is a particular case of ^3.f 1 with £ being the category of complexes of C-vector 
spaces, and S^, = ri'~'^(S). 



Definition 4.9. For all k, we define Gl{L) as the quotient 



^'-'(Li) 



\i\=k 

\l indep. 



/ "^OS 



This is a complex of C-vector spaces. We define a morphism of complexes 

<P:Gl{L)^gTYn'{L) 
in the following way. For / independent of cardinality fc, for 77 e fi*^'^(L/), we set 

$(77) = (2i7r)"''77 A 

where rj G 51'^'^(C") is any form such that 771^^ — rj. Lemma 14.81 implies that this does not depend on the 
choice of rj, and the resulting morphism passes to the quotient by '^os because the Orlik-Solomon relations 
are satisfied by the forms uji fLemma l2.4p . It is then easy to check that $ is a morphism of complexes. 



Theorem 4.10. The morphism 



is an isomorphism of complexes. 



$:G^(X)-^grfl7-(L) 



Proof. The surjectivity is trivial and we prove the injectivity by induction on the cardinal I of the arrange- 
ment. 

For / = 0, the only nontrivial case is fc = and $ is just the identity of J7*(C" ). 

Suppose the statement is proven for arrangements of cardinality < / — 1 and take an arrangement L of 
cardinality We have a diagram 



0- 



GliL') 



GlzliL") 







0- 



grff7-(L') 



.gr^n'{L}^gr^_,n'-^{L'' 



and the bottom row is the 



where the top row is the deletion-restriction exact sequence defined in 
sequence (gr^T?.). This diagram is easily seen to be commutative. 

By the inductive hypothesis, the vertical arrows on the right and on the left are isomorphisms. Thus a 

diagram chase shows that the bottom row is exact in the middle. 

Now the complexes (U) and ([5]) give rise to a short exact sequence of complexes 

^ (Wk-iU) ^ (WkU) ^ (gvYn) ^ 

The long exact sequence in cohomology tells us that if {Wk-iTVj is exact in the middle then it is also the 
case for (WkTl). Since (WqTZ) is just the sequence 



n'{C'] 



id 
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0^0 



an induction on k shows that {WkTZ) is exact in the middle, hence a short exact sequence, for ah k. Again, 
the long exact sequence in cohomology shows that (gr^^T?.) is also a short exact sequence for all k. 
Thus, in the above commutative diagram, both rows are exact and a diagram chase (the 5-lemma) shows 
that the middle $ is injective. This completes the induction and the proof of the theorem. □ 

Remark 4.11. The inverse morphism ^ : gr^J7*(L) G'j^{L) is given, for 77 holomorphic and / independent 
of cardinality fc, by 

For k — 1 this is exactly the definition of a residue, but for fc > 1 one should note that this has nothing to 
do with an "iterated residue" (see Remark [ 



□ 



As a corollary of the proof of Theorem 14. 101 we get the following: 
Theorem 4.12. The sequences [TV), {WtTV) and (gr^T?.) are short exact sequences of complexes. 
Proof. The only thing that has to be noted is that [TV] — {WkTi) for k large enough. 
4.4. The comparison theorem. 

Theorem 4.13. The inclusion il'{L) ^ il*(C" \ L) is a quasi- isomorphism. 

Proof. Since C" \ L is a smooth affine algebraic variety over C, the cohomology of 51' (C" \ L) gives the 
cohomology of C" \ i with complex coefficients. Thus we have to prove that the natural map 

HP{n'{L)) ^ iJP(C" \ L) c 

is an isomorphism for all p. 

Let us consider the spectral sequence associated to the filtered complex {il'{L),W). In view of Theorem 
14.101 we have 

/ \ 



n- 



2p+q 



\I\=P 

I iiidcp. 



/ 



"OS 



the differential being the exterior differential on forms. At the next page of the spectral sequence we get, in 
view of Lemma 13.21 

/ \ 



E-P-" = 



H-^P+^{Li)®^ 



. \i\=p 

\I iiidcp. 



/ 



"OS 



Since the L/'s are vector spaces, hence contractible, the only nonzero terms are 



/ 



Ce, 



. |/|=P 

\/ indcp. 



"OS 



where e/ is the canonical generator of iJ*'(L/,C). Thus, in view of Lemma Hm E'^''^^ ^ Ap{L) C. 

For degree reasons, all the differentials in the pages Ei, E2, etc are zero, hence the spectral sequence 

degenerates at Ei : E^o = Ei . Thus the only non-zero graded pieces of the cohomology of il* (L) are 

HP{n'{L)) - gT^HP{n'{L)) - E^P'^P = E-P''P - A,{L) ®q C 

hence the filtration W on HP{Q,'{L)) is trivial and we get an isomorphism HP{il'{L)) = Ap{L) (g)Q C which 
by definition sends ioi to {2iTr)Pei for |/| = p. Composing with the Brieskorn-Orlik-Solomon isomorphism 
from Theorem 12.51 we get an isomorphism 



□ 



HP{n' (L)) = Ap{L) ®Q C ^ HP{C' \L)®qC 
which sends w/ to its cohomology class, and the Theorem is proven. 
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Remark 4.14. Since (17* (i), W) is a filtered differential graded algebra, there is an algebra structure on the 
spectral sequence considered in the proof of Theorem 14.131 and it is easy to check that the product 

is indeed the product on the Orhk-Solomon algebra, that is e/ ® e/' H> sgn(/, /')e/u/'. 

Remark 4.15. Using the residue exact sequence (Theorem 14. 121) and the exact sequence 

^ H'{C" \ L') H'{C" \L)^ H'-^Li \ L") 

given by the Brieskorn-Orlik-Solomon theorem, one gets another proof of Theorem 14. 1 31 by induction on the 
cardinality I of the arrangement, using the 5-lemma. We have chosen to present the above proof because 
it shows in a more transparent way the relationship between the weight filtration and the Orlik-Solomon 
algebra. 

Remark 4.16. We have a chain of inclusions of complexes 

n'{L) 4 n'{\og{L)) ^ n'{C" \ l) 

where Vl'{\og{L)) has been defined in Remark 14.21 

A conjecture by H. Terao ([19J) states that 12 is a quasi-isomorphism. According to Theorem 14.131 the 
composite 12 o ii is a quasi-isomorphism, hence Terao's conjecture is equivalent to the fact that ii is a 
quasi-isomorphism. This is equivalent to the acyclicity of the quotient complex f2*(log(L))/f2*(L). 

5. The global case: hypersurface arrangements 

We globalize the previous results for hypersurface arrangements. We write A = {|z|<l}cC for the 
open unit disk and A" C C" for the unit n-dimensional polydisk. 

5.1. Hypersurface arrangements. Let X be a complex manifold. The following terminology is borrowed 
from P. Aluffi ([J). 

Definition 5.1. A set L = {Li, • • • ,Li} of smooth hypersurfaces of X is a hypersurface arrangement 

if around each point of X we may find a system of local coordinates in which each Li is defined by a linear 
equation. In other words, X is covered by charts V = A" such that for all i, LiCiV is the intersection of 
A" with a linear hyperplane in C". 

As for central hyperplane arrangements, we implicitly fix a linear ordering on the hyperplanes. We use 
the same letter L to denote the union of the hypersurfaces: 

L= \J L,. 

l<i<l 

The notion of hypersurface arrangement generalizes that of (simple) normal crossing divisor: a hypersur- 
face arrangement is a normal crossing divisor if the local linear equations defining the L^'s are everywhere 
linearly independent. In other words, we can always choose local coordinates such that the irreducible com- 
ponents Li are coordinate hyperplanes. 

For a subset / C {1, • • • , the stratum of the hypersurface arrangement L indexed by / is 

Li^f]L, 

lei 

with the convention L0 = X. In the sequel we will make the following assumption on any hypersurface 
arrangement: 

(Connectedness) All the strata Li are connected. 

A subset / C {1, • • • ,/} is said to be independent if i/ 7^ and codim(X/) — \I\, and dependent 

otherwise (that is, \i Lj ~ or codim(i/) < |/|). By the connectedness assumption, these properties may 
be checked locally. More precisely we have the following lemma, whose proof is left to the reader: 
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Lemma 5.2. If Lj ^ 0, the following properties are equivalent: 
(i) I is independent. 

(ii) for every point p ^ Lj, for every chart V = A" centered in p in which all the Li 's are hyperplanes, I 

is independent when considered in V . 
(Hi) there exists a point p ^ Lj and a chart V = A" centered in p in which all the Li 's are hyperplanes, 

such that I is independent when considered in V . 

Having defined the notion of an (in) dependent subset /c{l, •••,/}, one can define the notion of circuit, 
broken circuit and nbc-set in the situation of a hypersurface arrangement, exactly as in H2.2I As in the 
above Lemma, these notions can be checked locally. 

We may also globalize the construction of ij3.1l Let £ be an abelian Q-linear category and suppose that 
we are given, for every stratum I] of a hypersurface arrangement L, an object S's of £, such that S0 if 
is a stratum of L. Then we define Sj — Sli for / C {1, • • ■ ,1} and set 

\l indcp. / 

and 

S{L) = Sj. 

I nbc 

It has to be noted that in the definition of ^OS; the dependent subsets /' such that Lji = arc not taken 
into account. 

As in the local case, we have direct sum decompositions indexed by the (non-empty) strata, and Proposition 
13. H is still true in the global setting: 

Proposition 5.3. The natural morphism S{L) S{L) is an isomorphism. 



Proof. As in the proof of Proposition l3.H we fix a non-empty stratum E and show that the natural morphism 
iSs(L) — > 5s(i) is an isomorphism. All the relevant subsets / C {1, • • • , /} define the same stratum S. Let 
us fix a point p e E, a chart V = A" centered in p in which all the L^'s are hyperplanes. According to 
Lemma [5.21 S^{L) and S-s{L) are equal to the same objects defined from the situation in V. Hence the 
morphism Ss{L) — SsiL) is an isomorphism by Proposition 13. II □ 

5.2. The logarithmic complex. In this paragraph we globalize the definitions of the logarithmic complex 
and the weight filtration. As in the local case, we determine the graded parts of the logarithmic complex 
and prove a comparison theorem. This generalizes the case of normal crossing divisors, studied by Deligne 
in ^, 3.1. 

Let X be a complex manifold and L a hypersurface arrangement. A meromorphic form on X is said to 
have logarithmic poles along L if it is locally a linear combination over C of forms of the type 

(6) ^A^lA-.-A^ 

Jil Sir 

with rj holomorphic and the /^'s local defining (linear) equations for the L^'s. 

The meromorphic forms on X with logarithmic poles along L form a complex of sheaves of C- vector spaces 
on X, that we denote by If L = D is a normal crossing divisor, then £7*^ = r2^(logD) as defined 

in IS], 3.1. 

Remark 5.4. As already noted in Remark l4.21 the definition of fi'^ does not agree with the definition of 
r2^(logL) given in [18] or other references. In general, our definition gives a smaller complex, although the 
two definitions are equivalent in the case of normal crossing divisors (and only in this case). 

Now we define the weight filtration on fl*^ exactly in the same fashion as in the local case: Wk^'x l) ^ 
^'{x L) subcomplex of sheaves spanned by the forms that are locally of type ^ with r < k. 
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We have Wofl'x l) = ^^"^ ^p^\x l) ^ l)- 

For all / we denote hy ii : Li ^-^ X the closed immersion of the stratum Li inside X . 
We globalize the definition of G*{L) from i j4.3l Once again we apply the construction of 13.11 £ being the 
category of sheaves of C- vector-spaces on X, and define: 

/ \ 

gi{x,L)= 

\I indcp. / 

This is a complex of sheaves of C- vector spaces on X. 



As in the local case, we may define a morphism of complexes of sheaves 



<^>:giix,L)^gv^n:xr. 



by putting 



$(?7) = (2i7r)-*^7A^A---A 

Jh Jik 



for / = {ii < • ■ • < ifc}, Tj £ ^^'^^^ a local section, rj e ^'x'^ a local extension of 77, and the /^'s local defining 
equations for the LiS. 

It has to be noted that this definition is independent from the choice of local equations for the L^'s. Indeed 
if we write f[ = fiUi with Ui a holomorphic function that is non-zero near the origin, then 

dfi _ dfi ^ duj 

f'i fi Ui 

with being a holomorphic 1-form near the origin, hence we have 

Ui 



fi, fi,. fii ft 



Ik 



(XX) 



The following theorem is a global version of Theorem 14.101 
Theorem 5.5. The morphism 

^■.gi{x,L)^grYn\x,L) 

is an isomorphism of complexes of sheaves of C-vector spaces. 

Proof. It is enough to prove that for every chart V = A" on which L is a hyperplane arrangement, the 
morphism 

is an isomorphism. Since by Lemma 15.21 the property of being independent is local, this is exactly Theorem 
14. 101 with the ambient space C" replaced by the poly disk A". One can check that the proof of Theorem l4.10l 
can be copied word for word in that local setting. □ 

Remark 5.6. The inverse morphism 5* : gi^^'x L) ^ ^fe(^'-^) given locally by the same formula as in 
Remark 14.111 As already noted, this should not be mistaken with an iterated residue, unless L is a normal 
crossing divisor (in this case, Deligne calls the Poincare residue, see [B], 3.1.5.2). 

Let j : X \ L ^ X he the open immersion of the complement of L inside X. The following theorem is a 
global version of Theorem 14.131 

Theorem 5.7. The inclusion ^*xl) ^ ^*^x\l ^ quasi- isomorphism. 
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Proof. It is enough to prove that for every chart V = A" on which L is a hyperplane arrangement, the 
morphism 

is a quasi-isomorphism. This is exactly Theorem 14. 131 with the ambient space C" replaced by the polydisk 
A". One can check that the proof of Theorem 14.131 can be copied word for word in the local setting. The 
argument that the strata Lj are contractible has to be replaced by the fact that the local strata A" n Lj are 
contractible (because they are polydisks). The Brieskorn-Orlik-Solomon theorem remains true in the local 
setting because the inclusion A" \ A" n L ^ C" \ L is a retraction and hence induces an isomorphism in 
cohomology. □ 



6. A FUNCTORIAL MIXED HODGE STRUCTURE AND THE GySIN MODEL 

6.1. Reminders on mixed Hodge complexes. In this section we recall some facts on mixed Hodge com- 
plexes, defined by P. Deligne. The interested reader will find all the details in [7j, 7.1, 8.1. Although the 
formalism of mixed Hodge complexes, notably the use of (filtered) derived categories, can seem cumbersome 
at first, it is a useful tool to put mixed Hodge structures on (hyper)cohomology groups of sheaves. 

Let us recall that if £ is an abelian category, the filtered derived category D+F(£) is obtained from 
the category of filtered (bounded from above) complexes {K*,F) in £ after inverting the filtered quasi- 
isomorphisms. We also have the bifiltered derived category D+F2(£) where we start with bifiltered 
complexes {K* ,W, F). The letter W denotes an increasing filtration, and F denotes a decreasing filtration. 
If r is a complex manifold and K is Q or C, then we write D+(y,K) (D+F(y,K), D+F2(y,K)) for the 
(filtered, bifiltered) derived category of sheaves of K-vector spaces on Y. 

Let y be a complex manifold and w an integer. A cohomological Hodge complex of weight wonY 
is a triple 

JC = (/Cq, {fCc,F),a) 

with /Cq e D+(r,(Q)), (/Cc,F) G D+F(y,C) and a : /Cq C ^ /Cc an isomorphism in D+(y,C), satisfying 
some conditions that basically mean that for all p the filtration F defines on IP'{ICq) a Hodge structure of 
weight p + w. 

The following fact is a reformulation of classical Hodge theory: if F is a smooth projective variety over C 
(or more generally a compact Kahler manifold) then we have a cohomological complex 

lC{Y) = {ICq{Y),{ICc{Y),F),a) 

of weight w = OoTiY consisting of 

(1) ICq{Y) = Qy, the constant sheaf. 

(2) /Cc(y) = fly with the Hodge fihration F^fi^ = n^^. 

(3) the holomorphic Poincare lemma a : Qy C = Cy — ^y- 

If /C = (/Cq, {ICc, F), a) is a Hodge complex of weight w on Y and k is an integer, then we can define the 
translation 

IC[k] = (/CQ[fc],(/Cc[fc],F),a[fc]) 
which is a Hodge complex of weight w + fc, and the tate Twist 

/C(fc) = (/Cq ^ Q(2^7r)^ (/Cc, F[k]), a) 
which is a Hodge complex of weight w — 2k. 

Now if Y is any complex manifold, a cohomological mixed Hodge complex on F is a triple 

/C = ((/CQ,I¥),(/Cc,I^,F),a) 
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with (/Cq,VF) G D+F(y,Q), {ICc,W,F) 6 D+F2(F,C) and a : {JCq,W)(E)C^ {ICc,W) an isomorphism in 
D+F(r, C), such that for all k, the triple 

grf /C = (grf/CQ, (grr/Cc,F),grf a) 

is a Hodge complex of weight fc on y. 

The following theorem ([7|, 8.1.9) is the fundamental theorem of mixed Hodge complexes. 

Theorem 6.1. Let Y be a complex manifold and fC = {{ICq, W), (/Cci cohomological mixed Hodge 

complex on Y . 

(1) For all n, the filtration W[~n] and the filtration F define a mixed Hodge structure on H"(/Cq). 

(2) Let yji! he the cohomological spectral sequence defined by ()Cq,W). Then for all {p,q), the filtration 
F induces on yjE^ ^'"^ = Mr^^'^{gr^ JCq) a Hodge structure of weight q and the differentials d^^'' are 
morphisms of Hodge structures. 

(3) The spectral sequence degenerates at E2: ~ wE^''' — gr^H"(A^Q) — grj^' "']HI"(A^q) for 
n = -p + q. 

6.2. A functorial mixed Hodge structure. Let X be a smooth projective variety over C and L a hy- 
persurface arrangement in X. We use the previous constructions to put a functorial mixed Hodge structure 
on the cohomology H*{X \ L) of the complement, using the formalism of mixed Hodge complexes. This 
generalizes the case of normal crossing divisors, studied by Deligne in [6], 3.2, and summarized in terms of 
mixed Hodge complexes in 8.1.8. We recall the notation j : X \ L ^ X. 

We define a triple 

IC{X, L) = ((/Cq(X, L),W), (/Cc(X, L),W, F), a) 

in the following way: 

(1) ICq{X,L) = Rj*Qx\L with the filtration W = t, the canonical filtration ([6J, 1.4.6). 

(2) ICc{X,L) = L) '^ith the weight filtration W defined in the previous section, and the Hodge 



filtration F defined by 



(3) We have a chain of isomorphisms in D+(X, C): 

Rj*Qx\L ® C = RjXx\L = j*^*X\L - ^*X.L) 



the last one being the quasi-isomorphism of the comparison theorem 14.131 

Hence we have an isomorphism {Rj*Qx\L ® C, r) = {^'x l)' ''') D+F(X, C). Finally the identity 
gives a filtered quasi-isomorphism (il*^^^,r) = {fl*x l)^^)^ follows from the same proof as in 
[3], 3.1.8, in view of the comparison theorem 14. 131 This gives the isomorphism 

a:{Rj,Qx\L,r)^C^{nix,L),W) 

in D+F(X,C). 

Theorem 6.2. The triple 1C{X, L) is a cohomological mixed Hodge complex on X , which is functorial with 
respect to the pair {X, L). It thus defines a functorial mixed Hodge structure on M^(Rj^Qx\L) — H^^{X \ L) 
for all n. 

Here, functoriality means that given two pairs {Xi,Li) and (X2, L2) with Xi a smooth projective variety 
over C and Li a hypersurface arrangement in Xi, given a morphism / : Xi X2 such that f~^{L2) C Li 
(that is to say, f{Xi \ Li) C /(^2 \ L2)), there is a morphism of cohomogical mixed Hodge complexes on 
X2: 

JCif) : JC{X2,L2) ^ i?/,(/C(Xi,Li)) 
and we have IC{g o f) = i?g*(/C(/)) o JC{g) whenever this is meaningful. 



Proof. Theorem 14.101 gives an isomorphism 



iii)*^T;' 



\ l-f|=*: 
\l indcp. 



"OS 



A local computation as in fl7], Lemma 4.9, shows that this isomorphism is defined over Q if we take care of 
the Tate twists. In other words we have a commutative diagram: 

grfnr 



e \i\=k ) / ^os i-k] 

I indep. 



e \i\=k (*/)*Cl, ) / ^os [-k] 

I indep. 



griRmu (e \i\=k (*/)*ql.) / -OS [-k]{-k) 

\ I indcp. / 

To complete the proof it suffices to notice that the top row of this diagram is compatible with the Hodge 
filtrations. Hence, applying Proposition 15 . 31 we get 

grr/C(X,i) = («,),/C(L,)[-fc](-fc) 
|/|=fe 

/ nbc 

which is a cohomological Hodge complex of weight k. 

Concerning functoriality, let f : Xi X2 be a morphism such that f^^{L2) C Li. We have to check that / 
induces a pull-back morphism 

/C(/) : /C(X2,i2) i?/*(/C(Xi,Li)) 
The only thing that one has to check is that the usual pull-back morphism on forms respects the forms with 
logarithmic poles and thus induces a morphism of complexes of sheaves 

This follows easily from a local computation. □ 

The following theorem shows that the Hodge structures that we have just defined are indeed the functorial 
Hodge structures defined by Deligne. 

Theorem 6.3. Let U be a smooth quasi-projective variety over C. 

(1) There exists a smooth projective variety X and an open immersion U ^ X such that the complement 
L = X \ U is a hypersurface arrangement in X . 

(2) Given two such compactifications {Xi,Li) and (X2,L2), the mixed Hodge structures on H'{U) de- 
fined via {Xi,Li) and {X2,L2) are the same. 

(3) The mixed Hodge structure on H'{U) defined in Theorem ] 6. 2i is the same as the mixed Hodge structure 
defined by Deligne in [6J. 

Proof. (1) This follows from Nagata's compactification theorem and Hironaka's resolution of singulari- 
ties. In fact, we can assume that L is a normal crossing divisor. 
(2) Using resolution of singularities, we can always embed J7 in a smooth projective variety X such that 
X \ U = L is a simple normal crossing divisor (and hence a hypersurface arrangement), and such 
that there exists morphisms 

(Xi, Xi \ Li) ^{X,X\L)^ {X2,X2 \ L2) 

that are the identity on U . Hence by functoriality the two mixed Hodge structures are isomorphic 
to the mixed Hodge structure defined via {X,L). 
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(3) The claim follows from (2) and the fact that for a given U, one can always choose {X, L) such that 
L is a normal crossing divisor (using resolution of singularities). 

□ 

6.3. The Gysin spectral sequence. Let X be a smooth projective variety and L a hypersurface arrange- 
ment in X . In the previous paragraph we defined a cohomological mixed Hodge complex on X that defines 
a mixed Hodge structure on the cohomology oi X \ L. The general formalism of mixed Hodge complexes 
(Theorem 16. ip tells us that the Gysin spectral sequence w-E^'^ associated to the weight filtration degen- 
erates at i?2. In this section we make the Ei term explicit. 



By definition we have 

^E-P'"^ ^m-P+''{gT^ICq{X,L)) 
From the proof of Theorem 16.21 we get an isomorphism 



grp^/CQ(X,L) 



ICq{Li 



. \i\=p 

\I indcp. 



/ ~os [-p]{-p) 



J 



and thus Lemma 13.21 (which remains true in the global setting thanks to Lemma 15. 3p allows us to deduce: 



H-'P+'^{Li)i-p) 



\i\=p 

I indep. 



/ 



"OS 



The next proposition unravels the algebra structure on the Ei term. 

Proposition 6.4. The only non-zero components of the product 

^EP'''^^Ef''''' ^^EP+P' 

are given, for / fl /' = 0, / U /' independent, by 

H-^p+Q^Li) (g) H-^P'+i'iLi,) ^ H'^P+^iLiup) ® H-^P'+i'{Liui') 4 iJ-2(P+p')+(<z+9')(2,^^^,) 

multiplied by the sign (— 1)^^ sgn(/,/'). The above morphism is the composition of the restriction morphisms 
for the inclusion of L/u/' inside Lj and Lp , followed by the cup-product on Lmii . 



Proof. First step: we do the proof in the case where L = _D is a normal crossing divisor. In this case 
L) ~ ^xi^'^S^)) as defined in [6|. It is enough to do the proof for the cohomology with complex 
coefficients and hence leave the Tate twists aside. To work with explicit representatives we have to work 
with smooth forms. We sketch the argument, which can be found in a more complete form in |21) . Proposition 
8.34. 

If Y is any complex manifold, let Ay be the complex of sheaves of smooth forms (with complex coefficients) 
on Y, and let A'{Y) be the complex of global smooth forms on Y. The inclusion ily Ay is a quasi- 
isomorphism. 

We may define a complex of sheaves Ax (log D) on X whose sections are smooth forms which are locally linear 
combinations over C of forms 77 A w/ with rj smooth. This complex is endowed with a weight filtration defined 
in the same way as for the holomorphic case. The inclusion fl^ilogD) ^ ^^(logZ^) is then a filtered quasi- 
isomorphism. Besides, we have a commutative diagram of quasi-isomorphisms (the top horizontal arrow 
being an isomorphism): 

grf fi^(logi?) ®in^ki^i)*n'D' 



gr^A'xilogD) 
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Since the complexes ^^(logD) and are made of fine sheaves, we can take them as resolutions to 

compute the spectral sequence and hence work with closed smooth global forms. Let us write ^^(logZ?) for 
the complex of global sections of ^^(logZ?). 

For i = 1, ■ ■ ■ ,1 let rji G (log 13) be a (1, 0)-form such that locally around Di we have 

r,,^^^ modA\X) 

where fi is a local equation for Di. 

Let us fix a subset / of cardinality p and let a be a closed smooth (— 2p + (7)-form on Di. We fix /' of 
cardinality p' and a' in the same way. In order to compute the product of the classes of a and a' in 
the spectral sequence we have to find representatives for a and a' in ^^^^'(logD) and '^'^ (log 13) 
respectively. Let 5 be a smooth closed (— 2p + q)-{oTm. on X such that = ct) a' the same for a', 
then representatives are given by 

UJ — a A rjj and lu' = a' A i]p 
respectively. We then look at the form 

LJ A uj' ^ {a A r]i) A {a' A rjp) = {-I f^'aA 5' A 77/ A 

If / n /' 7^ 0, then rii A 777- = in ^1^*^^+^'^+'''+'''' (log £>). Else, r]i A r^r = sgn(/, /')?//u/' and the product 
we are looking for is 

(-l)f''sgn(/,J')(5A5')|D,,„ = (-l)P''sgn(/,/')ap^^^, A 

hence the result. 

Second step: We deduce the general case from the functoriality of the Gysin spectral sequence. Let us write 
J = / U /' and let L{J) = Uje J '^hich is a hypersurface arrangement in X. From the functoriality of the 
spectral sequence, there is a map of spectral sequences 

wi?r(x,i(j))^wi?r(^,i) 

which is easily seen to be injective. Hence the product of elements in i/~^P+'(L/) and H^^p (L//) can 
be read off ^E^''^{X, L{J)). If L{J) is not a normal crossing divisor, then there is no independent subset of 

J of cardinal p + p' , hence wEi~^^ "'^'^'^ {X, L{J)) — and the product is zero. Hence we are reduced to the 
first step. □ 

Proposition 6.5. The differential di : ^E^^''' — S- ^E^^^^''' is induced by the Gysin morphisms 

H-^P+'i{Li){-p) ^ i/-2p+?+2(i,^{,j)(-p+ 1) 

of the inclusions Lj ^ for I independent of cardinality p, multiplied by the sign (— l)''^^sgn({z}, / \ 

in)- 

Proof. First step: If L = D is a normal crossing divisor, this is Proposition 8.34 in [2Tj (see also |17| . 
Proposition 4.7, or [14J). 

Second step: We deduce the general case from the functoriality of the Gysin spectral sequence. Let / C 
{1, ■••,/} be an independent subset and let us write L{I) = [J^^j Li, which is a normal crossing divisor in 
X. From the functoriality of the spectral sequence, there is a map of spectral sequences 

wi?f'(x,L(/))^„i?r(x,i) 

which is easily seen to be injective. Hence the differential of an element in iJ~^P+'(L/) can be read off 
^Ef''^{X, L{I)). We are then reduced to the first step. □ 

Remark 6.6. If X is just a compact complex manifold, then we can also consider the Gysin spectral sequence 
converging to the cohomology of X \ L, and the formulas for the Ei term remain valid. The only thing that 
we gain when assuming that X is a projective variety is the degeneracy of this spectral sequence at the E2 
term, by Theorem 16. II 
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6.4. The Gysin model and the main theorem. We restate the results of the previous section. Let 



M^{X,L) = 

viewed as a Hodge structure of weight q. 



H'--''{Lj){n-q) 

\I\^q-n . 
\ I indep. / 



/ 



■"OS 



We define a product M^{X, L) ® M^,'{X, L) M^+^' {X, L) by 

for 7 n 7' = 0, / U I' independent, multiplied by the sign (— sgn(7, 7'). The above morphism is 
the composition of the restriction morphisms for the inclusion of L/u/' inside Lj and Lji, followed by the 
cup-product on i/u/'- 

We define a differential d : Mq{X, L) — >• M^+^(X, L) by the Gysin morphisms 

H^--\Lj){n -q)^ H^--'i+\Li\{^){n -q + l) 
of the inclusions Li 7,/\{j} for 7 independent of cardinality q — n, multiplied by the sign (— l)''sgn({i},7\ 
«)• 

Remark 6.7. If L = 7? is a normal crossing divisor then we simply have 

M^iX,D)= H^--^iDj){n-q). 

\I\=q-n 

Remark 6.8. Our definition depends on the linear order chosen on the irreducible components of the hyper- 
surface arrangement L. However, if cr € §; is a permutation and a.L the relabeling of L induced by a, we 
leave it to the reader to define a natural isomorphism 

M'{X,L) 4 M*{X,a.L) 

In the next theorem, a split mixed Hodge structure is a mixed Hodge structure that is a direct sum 

of pure Hodge structures. 

Recall that a graded algebra B = (Bn>oBn is said to be graded-commutative if for homogeneous elements x 
and x' in B we have xx' = (—1)1^11^ ^x'x. 

Theorem 6.9. Let X be a smooth projective variety over C and L a hypersurface arrangement in X. 

(1) The direct sum M*{X, L) = 0^ M*{X, L) is a graded-commutative differential graded algebra in the 

category of split mixed Hodge structures. 

(2) We have isomorphisms of algebras in the category of split mixed Hodge structures: 

H'{M'iX,L))^gT^H*{X\L) 

They are functorial with respect to the pair {X, L) . 

Here, functoriality means that given two pairs {X\,Li) and {X2, L2) with Xi a smooth projective variety 

over C and Li a hypersurface arrangement in Xi, given a morphism / : Xi — ;> X2 such that f~^{L2) C 7i 
(that is to say, f{Xi \Li) C f{X2 \ 7,2)), there is a morphism of differential graded algebras in the category 
of split mixed Hodge structures: 

M'if) : M*(X2,L2) ^ M*(Xi,Li) 

and we have M*{gof ) = M*{f)oM*{g) whenever this is meaningful. Besides, M*{f) and the usual pull-back 
/* : H'{X2 \ L2) H*{Xi \ Li) are compatible with the isomorphism of the above theorem. 

Proof. (1) Note that we have multiplied the differential by —1 for more comfort; this gives an isomorphic 
differential graded algebra. The assertion is a consequence of the previous paragraph. However, it 
is an interesting exercise to prove by hand that the product and the differential pass to the quotient 
by ~os and define a structure of graded-commutative differential graded algebra on M*[X, L). For 
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example, the compatibility between the differential and the product is a consequence of the projection 
formula in cohomology. 

(2) The isomorphism is just, after the change of variables n = —p + q, the fact that the spectral sequence 
w-E^'^ degenerates at E2 and converges to the cohomology oi X \L: 

^ gr^'H-P+^iX \ L) 

The functoriality is a consequence of the functoriality of the mixed Hodge complexes /C(X, L) (The- 
orem 16. 2p . 

□ 

7. Wonderful compactifications and the Gysin model 
7.1. Blow-ups of strata and wonderful compactifications. 

Definition 7.1. Let L = {ii, • • • , L;} be a central hyperplane arrangement in C", E a stratum of L. We say 
that E is a good stratum if there exists a direct sum decomposition C" = E ?7 such that the hyperplanes 
Li that do not contain E contain U . We say that E is a very good stratum if furthermore the hyperplanes 
Li that do not contain E are independent. 

In other words, E is a good stratum if there exists coordinates (zi, ■ • • , z„) on C" such that E = {zi = 
• ■ • = = 0} for some r, and for each i = 1, is either of the type {oizi + ■ • • + a^Zr = 0} or of the 

type {or+iZf+i + • ■ • + a„z„ = 0}. It is a very good stratum if furthermore we can choose the coordinates 
so that the hyperplanes of the second type are among {z^+i = 0}, • • • , {z„ = 0}. 

Example 7.2. (1) The stratum {0} is very good. 

(2) In C^, let = {x = 0}, L2 = {y = 0}, L3 {z 0}, L4 = {x = y]. Then the stratum {x ^ y = 0} 
is very good. The stratum {z = 0} is good, but not very good. The stratum {a; = z = 0} is not 
good. 

Let L = {Li, ■ • • , Li} be a hypersurface arrangement in a complex manifold X, E a non-empty stratum 
of L. We say that E is a good stratum (resp. a very good stratum) if in every local chart where the 
LiS are hyperplanes, it is a good stratum (resp. a very good stratum) in the sense of the above definition. A 
stratum of dimension (a point) is always very good. In the case of a normal crossing divisor, all non-empty 
strata are very good. 

Lemma 7.3. Let L = {ii,--- he a hypersurface arrangement in a complex manifold X, E a good 

stratum of L, and 

TT -.X ^ X 

the blow-up of X along E. Let E = 7r~^(E) he the exceptional divisor, and for all i, let Li be the strict 
transform of Li. Then L — {£', ii, • • • ,Li\ is a hypersurface arrangement in X . 

Proof. It is enough to do the proof for X = A" and the LiS hyperplanes. We choose coordinates (zi, • • • , z„) 
such that E = {zi = • ■ • = z^ = 0} and for each i = 1, is either of the type {aizi + • ■ • + a^z^ — 0} 

or {Or+lZr+l -I 1- a„z„ = 0}. ^ 

We have r natural local charts Xk ^ A" on X, fc = 1, • • ■ , r. On the chart Xk, the blow-up morphism is 
given by 

""(^1: ' ■ ' J ^n) = (^l^fe, • • • , ^fc-l^fc, Zk, Zfc+lZfc, • • • , Z^Zfe, Z^+l, • • • , Z„) 

In this chart, E is defined by the equation z^ = 0. The strict transform of a hyperplane of the type 
{oizi -I- • • • -I- arZr = 0} is given by the equation aiZi + • • • -f Ok-iZk-i -t- + a^+iZk+i -I- • • • -I- OrZr = 0. The 
strict transform of a hyperplane of the type {a^+iZr+i -f • • • -I- a„z„ = 0} is defined by the same equation. 
To sum up, in the chart X^, all the hypersurfaces of L are given by affine equations. Up to some translations, 
we can then find smaller charts where all the equations are linear. This completes the proof. □ 

With the notations of the above lemma, we will simply write that 

^■.{X,L)^[X,L) 
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is the blow-up of the pair (X, L) along the good stratum S. We stress the fact that L is the hypersurface 
arrangement consisting of the exceptional divisor E and all the proper transforms Li of the hypersurfaces Li. 

The blow-ups along good strata (and in fact, of very good strata) are enough to resolve the singularities 
of a hypersurface arrangement, as the following theorem shows. 

Theorem 7.4. Let L he a hypersurface arrangement in a complex manifold X . There exists a sequence 
{X,L) = ^ ^ = {X,L) 

where 

(1) for all k, X'-^'i is a complex manifold and L^^^ a hypersurface arrangement in X'^'"'^ 

(2) for all k, TTk : -J> {X'-^-^\ L'-''-^^) is the blow-up of {X'^^-^\ L^^-^^) along a very good 
stratum of L'^^~^^ 

(3) L is a normal crossing divisor in X. 

Proof. We use the blow-up procedure described by Y. Hu in [9]. Such a procedure has become standard, 
so we do not give too many details. One may notice that Hu works with algebraic varieties, even though 
his results are valid in the framework of complex manifolds. The reader may assume that X is a smooth 
algebraic variety over C, and the L^'s are algebraic. The sequence of blow-ups is the following: 

(0) We first blow up all the strata of dimension (the points). 

(1) We then blow up all the strict transforms of the strata of dimension 1 (the lines). 
[d) We blow up all the strict transforms of the strata of dimension d. 

It has to be noted that at step (d), all the centers are pairwise disjoint, so that we may blow them up in any 
order. We want to prove that all the centers that appear in this blow-up procedure are very good strata. 
At step (0), it is clear since the points are always very good strata. Suppose now that we are at step (d) 
with d> \. For every stratum C of L of dimension < o? — 1, we have added an exceptional divisor C . Let E 
be a stratum of L of dimension d, we want to prove that its strict transform E is a good stratum. 
For j = 1, • • • , Z, if E n / 0, then it is easy to see that E C Lj, so that E C Li. 

For C a stratum of L of dimension <d— 1, ifEnC7^0, then C C E, hence we only have to consider the 
strict transforms of the strata of L contained in E. According to Theorem 1.1, at each point of E we 
only have to consider those fitting into a certain flag Ci C C2 C • • • C C E. The result then follows from 
a local computation on the iterated blow-up of a flag of subspaces in C". □ 

Remark 7.5. In the above proof, we have described a particular blow-up procedure. As has been known since 
the works of De Concini-Procesi ([5j) and Fulton-MacPherson ([8]), recently generalized by L. Li ([13]), there 
are lots of other blow-up strategies that can be applied. The beautiful combinatorial notion of a building set 
is very useful to understand the multiplicity of such strategies. Those sequences of blow-ups are sometimes 
referred to as "wonderful compactifications". 

7.2. Blow-ups of strata and the Gysin modeL Let us consider a sequence of blow-ups along (very) 
good strata as in Theorem 17.41 

{X, L) = (XW, lW) ^ (X(^-i), L(^-i)) . . ^ (X(°), L(°)) = (X, L) 

Then by the functoriality of the Gysin model we get a sequence of morphisms of dga's (in the category of 
split mixed Hodge structures): 

M'(7ri) M'(-RM-l) M'{7Tn) 

M'(x,L) = Ar(x(o),L(o)) ^ ••• ^ m'{x^^-'\l^^-^^) ^ Ar(xW,L(^)) = Ar(x,L) 

For each fc, M'{'Kk) is a quasi-isomorphism since Tr^ induces an isomorphism X^''^ \ L^*^' ^ x'^'^^^'> \ L'^^^^\ 
Thus we get a natural quasi-isomorphism between the Gysin model of (X, L) and that of {X , L). 
In the following theorem, we investigate the case of a single blow-up and give explicit formulas. 
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Theorem 7.6. Let X be a smooth projective variety over C and L a hypersurface arrangement in X. Let 
T, be a good stratum of L and 

TT : {X,L) -> {X,L) 

the blow-up of {X,L) along S. Let 

M*{tt) : M'{X,L) -J> M'{X,L) 

be the morphism induced by tt on the Gysin models. Then 

(1) M*{'k) is a quasi- isomorphism. 

(2) the components of M^^{t:) are given, for I independent of cardinality q — n, by 

(a) the usual pull-back H'^"^'i{Li) ^- H^'''-'i{Li) 

(b) for all i ^ I such that S C Li, the morphism — > L[^^^''{E n which is the 
restriction on E n followed by the pull-back by tt, multiplied by the sign sgn({i}, / \ {i}). 

Proof. (1) This is obvious by Theorem 16.91 since tt induces an isomorphism X \ L ^ X \ L. 

(2) First step: We do the proof in the case where L = D is a normal crossing divisor. We keep 
the notations of the proof of Proposition 16.41 Let / C {I,-'" j^} be an independent subset and 
a G A^"^'^{Dj) a closed smooth form. Let a G A'^"^'^{X) such that — a. Then a representative 
for a in yl^(log-D) is given by the form 

Lu = a A rji 

For i = 1, let i^i e ^^(logl?) be a (1, 0)-form such that locally around Di we have 

Ui = ^^ modA\X) 
f^ 

where fi is a local equation for Di. 

Let ve £ A]^{\ogD) playing the same role for E. Then a simple local computation using the formulas 
of Lemma [731 shows that we have the equality modulo A^{X): 



■n*{r)i) 



Vi if Di does not contain S 

ve + Vi if Di contains S 

Hence we get the equality in gr^„y4^ (log Z?): 

7r*(w) = 7r*(a) A J// + ^ sgTL{{i} , L \ {i})ii* [a) A v e /W i\{i} 

Its image in ^^"^"^(13/) is 7r*(5)|^^ = (tt o z/)*(a) where ij : Dj ^ X is the closed immersion. Let 
us write tt/ : Dj — > Lj the restriction of tt. Then we have tt o ij — ij o nj , and then 

hence the first part of the result. The second part follows from the same kind of computation. 
Second step: We deduce the general case from the functoriality of the Gysin spectral sequence. Let 
/ be an independent subset and write L{L) = IJ^gj Li, which is a normal crossing divisor in X. Let 
us write L{L) = E U IJjgj Li, which is a normal crossing divisor in X. From the functoriality of the 
spectral sequence, there are maps of differential graded algebras 

M'{X,L{L)) ^ M'{X,L) and M' {X ,L{I)) ^ M' {X ,L) 
which are easily seen to be injective. These maps fit into a commutative diagram 

M* {X, L) — U- M' {X, L) 



M'{X,L{L))^M'{X,LiI)) 
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Thus the formula for A{*{tt) on iJ^" can be read off the bottom row, and we are reduced to 

the first step. 

□ 

8. Configuration spaces of points on curves 

8.1. Configuration spaces associated to graphs. Let F be a smooth projective variety over C, and 
n > 1 an integer. The configuration space of n ordered points on Y is by definition 

C{Y, n) = {(yi, . . . , y„) e r" I ^ y, for z ^ j} = \ (J A,,, 

i<j 

where Aij — {i/i — yj} is a diagonaL 

As a natural generalization, we can consider the space obtained from y" after deleting only certain diag- 
onals Ai j. We use graphs to parametrize such spaces. 

Let r be a finite unoriented graph with no multiple edges and no self-loops, with V its set of vertices and 
E its set of edges. Let be the cartesian power of Y indexed by V, with coordinates yy. For v E V, we 
have a projection 

Py-.Y^ ^Y 

Every edge e E E with endpoints v and v' defines a diagonal 

which is the locus where the coordinates corresponding to the two endpoints of e are equal. We define 
and then the configuration space of points on Y associated to F: 

c(r, F) = \ Ar 

In the case where F is the complete graph on n vertices, we recover the configuration space C{Y, n). 

In the rest of §S1 we focus on the case where F is a smooth projective curve, i.e. has dimension 1. 

8.2. A model for the cohomology. In [lOj and [20J, I. Kriz and B. Totaro independently found a model 
for the cohomology of C(y, n). Their result has been recently generalized to C(Y, F) by S. Bloch in [3] (even 
though Bloch's framework is slightly more general, with external edges in F labeled by points of Y). We 
recall the definition of this model. Here Y still has dimension 1, but the general definition is similar. 

11 B — ®n>oBn is a graded-commutative graded algebra and {xa} are indeterminates with prescribed 
degrees {da}, then there is a well-defined notion of graded-commutative algebra generated by the Xq's 
over B. This is a graded-commutative graded algebra which is the quotient of ^[{xq,}] by the relations 
hxa = (— 1)''''''°Xq.& for b homogeneous, and Xj^Xa — {—l)'^°''^^XaX/3 for all a and /?. For example, if i? is a 
field concentrated in degree then we recover the exterior algebra generated by the cca's. We use the wedge 
notation Xa A X/s to remember the graded-commutativity property. 

Let us define, following [3], a graded-commutative dga N'{Y, F) in the following way. It is generated (as a 
graded-commutative algebra) by the cohomology H*{Y'^) and elements Ge in degree 1 for every edge e E E, 
modulo the relations: 

(Rl) p*{c)Ge = pl,{c)Ge for every class c G H'{Y), where v and v' are the endpoints of e in F. 
(R2) Yn=ii^'^y^^Ge, A • ■ • A A • ■ • A Ge^ = if {ei, ■■■ ,er} CE contains a loop. 

In order to define a differential on A^*(Y,F) we need a lemma, which generalizes the above relation (Rl). 
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Lemma 8.1. For a finite set T and a map u : T ^ V , we write P„ ; for the map induced by u, 

whose t-th component is Pu{t) for t G T. Let I C E and let u,u' : T V such that for all t G T, the vertices 
u(t) and u'{t) are linked by a path in T made of edges in I. Then for all c £ H*{Y^) we have the relation 

p:{c)Gi ^ p:,{c)Gi 

in N'{Y,T). 

In the case where / = {e} is made of a single edge, T = {!}, u{l) and u'{l) are the endpoints of e, then 
the above Lemma is nothing but the relation (Rl) in the definition of N'{Y,T). 

Proof. We write T = {1, • • • , fc}. Thanks to the Kiinneth formula we may write the cohomology class c as 

C = • • • Cij. 

with e H'{Y), so that 

k 

and the same for P*, (c) . Then it is enough to show that for v and v' two vertices that are linked by a path 
in F made of edges in /, and for any c £ H*{Y), we have 

pI{c)Gi =pI,{c)Gi 

This follows from an induction on the length of the path, the length one case being implied by the relation 
(Rl) in the definition of N'{Y, F). □ 

Defining a differential on N'iY^T) is the same as defining a differential on H*iY^) and defining the 
images of the elements Ge- We define the differential to be zero on H'{Y^) and given on the elements Ge 
by the formula 

d{G,) = [A,] G H\Y^) 

Lemma 8.2. The differential d is well-defined and makes N'{Y^T) into a graded-commutative dga. 
Proof. The compatibility of d with the relation (Rl) follows from the relation 

p:(c)[A,]-K'(c)[Ae] 

if V and v' are the endpoints of e, for all c G H'{Y). Let now R be the expression in the relation (R2). As in 
the proof of Lemma |2.1[ it is enough to show that d{R) = when {ei, • • • , e,.} is a simple loop. We compute 

r 

d{R) = ^^(-i)*+j[A,jGe, a---ag;;a---ag;;a---ag,, 

r 

+ ^^(-i)*+^-MAe,]Gei a---ag;;a---ag;;a--- AGe, 

i—l i<j 

and it is enough to show that for i < j we have 

[AeJGei A---AG^A---AGr^A---AGe, = [AeJGe^ A---AG^A---AGl^A---AGe, 

Let Vi, v[ be the endpoints of e,; and Vj, v'^ the endpoints of j. Since {ei, • • • , e^} is a simple loop, we can 
assume that there is a path in F between Vi and vj made of edges in {ei, • • • , e^, • • • , e^ , • • • , Cr}, and the 
same thing for and v'j. Let Pi : Y^ — > Y^ be the projection {pvi,Pv') and Pj : Y^ Y^ be the projection 
{pvj,Pv')- We then have [AgJ — P*{[A]) and [AgJ — P*{[A]). The desired equality thus follows from 
Lemma |8. II with / = {ei, • • • , e^, • • • , , • • • , e^}. □ 
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8.3. The isomorphism with the Gysin model. By choosing charts on Y, one easily sees that L — Ar is 
a hypersurface arrangement in X = . Thus theoreni l6.9l can be applied to the pair {Y^ , Ar) and gives a 
model for the cohomology of C{Y, T) ~ Y^ \ Ap. We fix an linear order on the set E of edges of F, hence on 
the irreducible components Ag of Ap. This allows us to consider the Gysin model Af*(y^, Ar) such that 



M;(y^,Ar) 



H'^^-'^{Aj){n-q) 

ICE 

. |/|=g-ri 1 
\ / indcp. / 



■"OS • 



We note that a subset I C E is dependent if and only if it contains a loop, and is a circuit if and only if it 
is a simple loop. 

We define a morphism of dga's 

a : N*{Y,T) M*{Y^,Ar) 

in the following way. 

First we note that for all n we have M^{Y^ , Ar) = iJ"(F^), and we easily see that the resulting (injective) 
map H'{Y^) M' (Y^ , Ap) is a map of graded algebras. Then we define a{Ge) to be a generator of 
HO(A,)(-l)cMi(r^,Ar). 

Lemma 8.3. The morphism a is well-defined and compatible with the differentials. It is thus a map of 
dga 's. 

Proof. First we show that a respects the relations (Rl) and (R2). For the relation (Rl) we see that by 
definition 

a{pl{c)Ge) ^pl{c)ge ^pI{c)\a^ G H'{Ae). 

This equals j*(p*(c)) = (p„ o ie)*(c) where i^ : A^ ^ Y^ is the inclusion of Ag. The relation then follows 
from the equality py o i^ — p,„/ o i^. 

For the relation (R2) we can assume that we have ei < • • • < e^. Then if R is the expression in the relation 
(R2) we have 

r 

a(i?) = ^(-l)^-\ge,---5^---ffe. 

1=1 

and • • • ffel • • • ffe^ is a generator of _ff°(Aei fl- • -nAe; fl- • •nAe_J(— r+1). Since {Ai, • • • , A^} is dependent, 
a{R) is thus killed by the quotient by '^os- 

We then show that a is compatible with the differentials. By definition, the differential is zero on H*{Y^) C 
M*(y^,Ar). Furthermore, da{Ge) — d{ge) is, by definition of the Gysin morphism, the class of Ag in 
i72(r^). This completes the proof. □ 

Theorem 8.4. The morphism a : N'{Y,T) — > Af'(y^, Ar) is an isomorphism of differential graded alge- 
bras. 

Proof. We sketch the proof and leave the details to the reader. We define the inverse morphism /3 in the 
following way. Let / C E' be an independent set of edges of F of cardinality \I\ — q — n, let i/ : A/ ^ Y^ 
be the inclusion of the corresponding stratum. Let // : Y^ A/ be any natural splitting of ij, whose 
components are projections p„'s. Then we define the component of /?: 

to be the pull-back fj. The degrees match since H^^~'^{Y^)Gi is in degree 2n — q + \I\ = n. It remains to 
prove that /? passes to the quotient by '~oSj and defines an inverse to a. □ 
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